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Abstract
We provide a resolution of an old issue in weak coupling computation of the
Chiral Magnetic Effect (CME) current, where a free chiral fermion theory gives
two different results depending on the order of the two limits, ω → 0 (frequency)
and k → 0 (spatial momentum). We first argue based on hydrodynamics that in
any reasonable interacting theory of chiral fermions the non-commutativity between
the two limits should be absent, and we demonstrate this at weak coupling regime
in two different frameworks: kinetic theory in the relaxation time approximation,
and diagrammatic computation with resummation of damping rate. In the latter
computation, we also show that the “pinch” singularity, which would make the
summation of ladder diagrams necessary as in the P-even correlation function, is
absent in the relevant P-odd correlation function. The correct value of CME current
is reproduced even in the presence of relaxation dynamics in both computations.
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1 Introduction
Triangle anomaly (chiral anomaly) is an interesting quantum mechanical violation of the
classically conserved U(1) chiral symmetry of a massless Weyl fermion in the presence of
a P- and CP-odd configuration of external gauge fields coupled to the U(1) current. It
represents the broken conservation laws of the left and right handed currents,∗
∂µj
µ
L/R = ∓
e2
4pi2
E ·B , (1.1)
where the sign in the right-hand side depends on the chirality of the Weyl fermion. It
gives rise to a wide range of interesting physics phenomena in different phases of QCD
where one can neglect masses of light quarks and have an approximate classical U(1)
axial symmetry which suffers from triangle anomaly. Recently, one such phenomenon
originating from triangle anomaly in a quark-gluon plasma in the presence of magnetic
field has attracted much attention from both theorists and experimentalists working on
heavy-ion collisions: the Chiral Magnetic Effect (CME) [1–5] which dictates vector (axial)
charge current along the direction of the magnetic field in the presence of an axial (vector)
chemical potential,
jV,A =
e2
2pi2
µA,V B , (1.2)
in the chiral basis defined by jV,A = e(±jL + jR). The interplay of the two versions of the
CME (the other version interchanging axial and vector symmetries is sometimes called the
Chiral Separation Effect) leads to a gapless sound-like mode of chiral charge fluctuations,
the Chiral Magnetic Wave (CMW) [6, 7]. Both CME and CMW may have interesting
experimental implications in off-central heavy-ion collisions [8–15] where a strong and
transient magnetic field is created by heavily charged ultra relativistic projectiles [2],
some of which seem to be in line with what is observed in RHIC and LHC [16–21].
There have been theoretical confirmations of the CME in both weak [22] and strong
coupling [23–26] frameworks, and there are evidences also in lattice QCD [27–31]. Also,
the CME can be viewed as a leading modification of the hydrodynamic constitutive re-
lation for the current arising from the underlying triangle anomaly [32]. The modified
constitutive relations up to first derivative in the local rest frame read as
jL,R = σE− σT∇
(µ
T
)
+ σχB + · · · , (1.3)
∗This is the covariant anomaly.
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with the chiral magnetic conductivity σχ defined at zero frequency-momentum limit. Since
they are given as linear response to the small and slowly-varying magnetic field, it is
natural to compute them in the appropriate Kubo formula in a zero frequency-momentum
limit [22, 33]. It is given in terms of the P-odd part of the retarded current-current
correlation function which takes a general form
Gij,−R = iσχ(ω, k)
ijkkk , (1.4)
and that the zero frequency-momentum limit of the chiral magnetic conductivity is given
by the Kubo formula [22,33]
σχ = lim
k→0
lim
ω→0
−i
2kk
∑
ij
ijkGij,−R . (1.5)
A puzzling problem appeared in a weak coupling computation of (1.5) in Ref. [22]
where interchanging the order of the two limits, ω → 0 and k → 0, gives different results,
lim
k→0
lim
ω→0
−i
2kk
∑
ij
ijkGij,−R 6= limω→0 limk→0
−i
2kk
∑
ij
ijkGij,−R , (1.6)
where the latter gives only 1/3 of the first expression which is the right value σχ = e
2µ/4pi2.
The computation in Ref. [22] was done in a free fermion theory, and the same non-
commutativity of the two limits was also found in the chiral kinetic theory [34, 35] with
free fermions [36]. On the other hand, a computation in the strong coupling regime in
the AdS/CFT correspondence was performed in Ref. [23] using the latter limit, which
found the correct expected result and it can be shown that there exists no such non-
commutativity in the two limits in the strong coupling regime †.
This has led to several speculations on why and how this non-commutativity in the
weak coupling (free theory) computation arises. Refs. [22, 37] suggest that it might be
an artifact of free theory and will disappear when the interaction effect is taken into
account. Another speculation is that this difference between the two limits might be
related to a difference between covariant and consistent anomaly [38], since the latter has
in fact 1/3 smaller coefficient from the former. Also, based on the observation that the
difference is absent in the strong coupling limit, one may have another speculation that
the difference might depend on the coupling constant and interpolates from 2/3 to 0 as
one varies the coupling strength from zero to infinity. Up to our knowledge, there has not
†We thank Shu Lin for pointing this out to us.
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been a clear resolution of the issue discussed in literature, and these speculations have
remained neither verified nor disproved.
In this work, we provide a resolution of this puzzle by showing that the first specula-
tion is correct: the non-commutativity of the two limits in fact is an artifact of the free
fermion theory, and is absent in any interacting theory that has a smooth infrared regime
at sufficiently small frequency-momentum. We first give an argument for this in hydrody-
namics, and demonstrate it in two different frameworks: chiral kinetic theory [34,35] with
relaxation dynamics, and diagrammatic computation with resummation of damping rate.
We also confirm that the right magnitude of the CME in these frameworks is obtained in
the presence of damping/relaxation dynamics.
This paper is organized as follows. In the next section, we present our argument based
on a general consideration of hydrodynamics which should be able to capture the correct
infrared behavior of any correlation functions at sufficiently small frequency-momentum
regime: if there existed such a non-commutativity between ω → 0 and k → 0 limits, the
hydrodynamics should be able to see it, whereas we show that there is no such behav-
ior in hydrodynamic regime. To corroborate this in explicit microscopic computations,
we compute the necessary P-odd correlation functions in two microscopic frameworks of
weakly interacting chiral fermion theory: in section 3, we compute in the chiral kinetic
theory [34, 35] now with a non-zero collision term in the relaxation time approximation,
and in section 4, we perform the diagrammatic computation with resummation of damp-
ing rate [39–45] in the propagators. In the latter case, we also show that the usual
“pinch” singularity [39–45] that necessitates an infinite ladder resummation of the vertex
at zero momentum limit in fact disappears for the P-odd correlator. In both microscopic
frameworks, we indeed observe that the non-commutativity of the two limits disappears,
and the two expressions in (1.6) give the same expected result. We give a summary and
concluding remarks in section 5.
2 Hydrodynamics
In this section, we present our first argument, based on hydrodynamics, on the absence
of non-commutativity between ω → 0 and k → 0 limits in the Kubo formula of CME,
in any reasonably interacting theory which reduces to hydrodynamics at sufficiently low
energy.
To highlight salient features of our argument, let us first consider a well-known example
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where there is indeed such a non-commutativity between ω → 0 and k → 0 limits:
longitudinal current-current retarded correlators. Recall that one can extract the retarded
current-current correlators from the linear response of the current jµ to an external gauge
potential Aν ,
jµ(k) = −GµνR (k)Aν(k) , (2.1)
where kµ = (ω,k) denotes a frequency-momentum four vector. In the hydrodynamic
regime, one can obtain the response current jµ by solving hydrodynamic equations of
motion under the influence of electric and magnetic fields arising from the gauge potential.
The constitutive relation for the current gives
j = −D∇j0 + σE + · · · , (2.2)
with a diffusion constant D and a conductivity σ, where we neglected higher derivative
corrections. With the conservation of the current
∂0j
0 +∇ · j = 0 , (2.3)
and neglecting couplings to the energy-momentum sector which is valid for linearized
fluctuations out of neutral plasma, one has a self-closed dynamical system. For our
purpose, let us choose k = kzˆ and look at longitudinal components of the currents only,
j0 and j3, for which the above equations become
j3 = −ikDj0 + σ (iωA3 + ikA0) , −iωj0 + ikj3 = 0 , (2.4)
where we used E = −∂0A +∇A0. Solving them gives
j0 =
iσ (k2A0 + kωA3)
ω + iDk2
, j3 =
iσ (ωkA0 + ω
2A3)
ω + iDk2
, (2.5)
and comparing with the definition of the retarded correlators (2.1), we get
G00R =
−iσk2
ω + iDk2
, G03R = G
30
R =
−iσωk
ω + iDk2
, G33R =
−iσω2
ω + iDk2
, (2.6)
which satisfy the Ward identity −iωG0µR + ikG3µR = 0 (µ = 0, 3). One can then think of a
Kubo formula for the conductivity
σ = lim
ω→0
lim
k→0
i
ω
G33R (ω, k) , (2.7)
where it is clear that the other ordering of the two limits would give a different result,
lim
k→0
lim
ω→0
i
ω
G33R (ω, k) = 0 . (2.8)
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The two lessons we learn from this example are
1) Hydrodynamics is able to identify a non-commutativity between ω → 0 and k → 0
limits in the retarded correlation functions, if it exists. This is because hydrodynamics
is a universal effective theory valid for sufficiently small ω and k, so that the two limits
ω → 0 and k → 0 that one is considering are both describable within the regime of
hydrodynamics. If there is such a non-commutativity, it should be detectable within the
framework of hydrodynamics.
2) The non-commutativity arises due to the presence of a hydrodynamic, “massless”
pole at ω = −iDk2 which gives rise to a particular long wavelength IR dynamics (a
charge diffusion in this example). This IR mode gives rise to the above non-analytic IR
singularity in GR near the point (ω, k) = (0, 0). Without such an IR mode, the point
(ω, k) = (0, 0) would not be singular and the non-commutativity would be absent.
Guided by these lessons, let us then consider the P-odd part of the retarded correlation
functions responsible for CME in the hydrodynamic regime. For simplicity we consider
the case of single right-handed Weyl fermion species. The hydrodynamic constitutive
relation including CME reads as
j = −D∇j0 + σE + e
2µ
4pi2
B + · · · , (2.9)
where µ is the background chemical potential, and B = ∇ × A is the magnetic field.
As before, we choose k = kzˆ. Then, we obtain the equation governing the longitudinal
part of the current, and it is identical to the result without CME, the first equation in
Eq. (2.4). In conjunction with the anomaly relation
∂0j
0 +∇ · j = e
3
4pi2
E ·B , (2.10)
which gives us
− iωj0 + ikj3 = 0 , (2.11)
up to linear order in gauge potential, the longitudinal retarded correlation functions are
identical to those in the previous example without CME. The CME affects the transverse
part of the correlation functions as
j1 = iωσA1 − i e
2µ
4pi2
kA2 , j2 = iωσA2 + i
e2µ
4pi2
kA1 , (2.12)
where the second terms in the right-hand sides are the P-odd contribution from CME.
This gives us the transverse part of the retarded correlation functions as
GT,ijR = −iωσ
(
δij − kikj
k2
)
+ i
e2µ
4pi2
ijkkk . (2.13)
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From this equation, one obtains the Kubo formula for the chiral magnetic conductivity [22,
33], Eq. (1.5), and it is clear that the other ordering of the two limits gives us the same
result,
σχ = lim
k→0
lim
ω→0
−i
2kk
∑
ij
ijkGT,ijR = limω→0
lim
k→0
−i
2kk
∑
ij
ijkGT,ijR =
e2µ
4pi2
. (2.14)
where there is no sum over the index k in the last expression. This is logically related to
the fact that there is no hydrodynamic pole in the P-odd, transverse part of the retarded
current-current correlation functions, as can be seen from Eq. (2.13).
In light of our discussion above, we can understand why the previous computations
in the free fermion theory possesses the non-commutativity of ω → 0 and k → 0 limits
in the Kubo formula for CME: the free fermion theory simply does not have a hydrody-
namic regime. Once we introduce interactions, however weak it is, the theory is expected
to have a hydrodynamic regime at sufficiently long wavelength regime, and the non-
commutativity in the Kubo formula for CME is expected to disappear. The origin of the
non-commutativity in the free theory can be traced to the existence of IR singularity due
to the absence of interaction. It is natural to expect this IR singularity to be removed by
interactions.
In the following sections, we will confirm this expectation explicitly in two microscopic
frameworks: kinetic theory and diagrammatic computation with relaxation/damping rate
included.
3 Kinetic Theory
Let us start with a brief summary of recently developed kinetic theory of chiral fermions [34,
35]. Since we are interested in a system of finite temperature and chemical potential, we
need to consider both particles and anti-particles in the description, which is a mod-
est extension of the previous discussions in literature [46]. A computation of retarded
current-current correlation functions in kinetic theory of free chiral fermions has been
done before in Ref. [36, 46], and our computation is a simple generalization of it, now
including relaxation dynamics in the collision term in the Boltzmann equation.
We consider a single species of right-handed Weyl fermion field whose quantization
gives us right-handed fermionic particles with helicity h = +1/2 and left-handed anti-
particles with h = −1/2. They carry U(1) charge of +1 and −1 respectively which cou-
ples to an external gauge potential Aµ. Introducing distribution functions f±(x,p, t) for
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particles and anti-particles with momentum p at space-time point (x, t), the Boltzmann
equations for them takes the form
∂f±
∂t
+ x˙± · ∂f±
∂x
+ p˙± · ∂f±
∂p
= C±[f+, f−] , (3.1)
where (x˙±, p˙±) are obtained from the equations of motion of a single particle and anti-
particle that have to be specified by the underlying theory, and C± are the collision terms
reflecting interactions of the particles/anti-particles.
The single particle/anti-particle equations of motion are derived from the action
S± =
∫
dt [p · x˙± eA(x, t) · x˙± eA0(x, t)− E(p,x, t)∓Ap(p) · p˙] , (3.2)
where E is the energy of the particle, andAp is the Berry phase in momentum space [34,35].
We do not need an explicit form of Ap, except its curvature introduced later. We note
that this term is from the Berry connection in the momentum space that arises from the
chirality (helicity) projection of particle/anti-particle wave functions. It has been shown
that this term can reproduce all the salient features of chiral anomaly within the present
framework of kinetic theory. Note that particles and anti-particles have the opposite signs
of Berry connection, reflecting their opposite chiralities. Note also that we use the same
energy E for particles and anti-particles, which will be explained more clearly below. The
equations of motion read from Eq. (3.2) as
√
Gx˙± =
∂E
∂p
∓ ∂E
∂x
× b + eE× b + eB
(
∂E
∂p
· b
)
,
√
Gp˙± = −∂E
∂x
± eE± e∂E
∂p
×B + eb
(
−∂E
∂x
·B± eE ·B
)
, (3.3)
where
b = ∇p ×Ap = pˆ
2|p|2 (3.4)
is the Berry curvature of a monopole shape, and
√
G = 1 + eb ·B (3.5)
is the modified phase space measure due to the Berry curvature. For the energy E ,
we use the form suggested in Ref. [36] based on the Lorentz invariance of the kinetic
theory [47,48],
E = |p| − eB · pˆ
2|p| , (3.6)
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where the second term may be interpreted as an interaction between spin-induced mag-
netic moment and the magnetic field. The sign of this interaction is determined by the
product of helicity h and the U(1) charge, and it is the same for both particles and anti-
particles, explaining our use of the same E for them. From the distribution functions, we
compute the current density as follows [36]:
j0(x, t) = e
∫
d3p
(2pi)3
√
G (f+(p,x, t)− f−(p,x, t)) ,
j(x, t) = −e
∫
d3p
(2pi)3
(
E ∂f+
∂p
+ eE
(
b · ∂f+
∂p
)
B + Eb× ∂f+
∂x
−E ∂f−
∂p
− eE
(
b · ∂f−
∂p
)
B + Eb× ∂f−
∂x
− eE× b (f+ + f−)
)
, (3.7)
It is important to have the correct phase space measure
√
G in the above expressions:
only with this definition of the current, the correct anomaly relation (2.9) is reproduced.
What remains to be specified is the collision terms, and we will use a relaxation time
approximation. An important requirement on the collision terms is that they should re-
spect the conserved quantities of the system such as energy-momentum and global charges.
Although we neglect the interplay with energy-momentum fluctuations for simplicity, the
local conservation of our U(1) global charge should be imposed strictly on the collision
terms for a consistent treatment of charge fluctuations we are going to study. This means
that ∫
d3p
(2pi)3
√
G (C+[f+, f−]− C−[f+, f−]) = 0 , (3.8)
has to be satisfied for any f±. As we will be interested in a linearized fluctuation of
distribution functions from their equilibrium values
n±(E) ≡ 1
eβ(E∓µ) + 1
, (3.9)
it is convenient to parameterize the fluctuation as
f± = n± + βn±(1− n±)
(
eB · pˆ
2|p| + h±
)
, (3.10)
where we define the fluctuations h± after pulling out explicitly the effect of the energy
shift due to the spin-magnetic interaction in (3.6) following Ref. [36]. The relaxation
dynamics dampens the fluctuations h± up to the constraint (3.8), and it is important to
separate as above the effect of the spin-magnetic energy shift, which is not subject to the
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relaxation dynamics, in order to get the correct magnitude of CME. Then the collision
terms in the relaxation time approximation are
C± = −1
τ
βn±(1− n±) (h± ∓ δµ) , (3.11)
where τ is the relaxation time of the fermion. If we consider gauge theory, τ−1 is of order
e4T ln(1/e) when µ . T . δµ, interpreted as a local shift of chemical potential in the
equilibrium with a given charge fluctuation, is given by solving Eq. (3.8) as
δµ =
1
χ
∫
d3p
(2pi)3
√
G (βn+(1− n+)h+ − βn−(1− n−)h−) , (3.12)
where
χ ≡ T
2
6
+
µ2
2pi2
, (3.13)
and we neglected contributions which are quadratic or higher in B as we work only
linearly in perturbations. Since δµ involves an integral of h± in the momentum space, the
Boltzmann equation with the above collision terms is an integro-differential equation for
the fluctuations h±.
To compute retarded current-current correlation functions within the framework of
kinetic theory, we first obtain the linearized response of the distribution functions to
the external gauge field strengths E and B by solving the Boltzmann equations (3.1).
Linearizing (3.1) in h± and (E,B) gives after some algebra,
∂h±
∂t
+ pˆ · ∂h±
∂x
= − e
2|p|
∂
∂t
(B · pˆ)± eE · pˆ− 1
τ
(h± ∓ δµ) , (3.14)
where δµ is given in (3.12) and pˆ ≡ p/|p|. It is straightforward to solve for h± assuming
a definite frequency-momentum (ω,k) to find
h± =
eiωB · pˆ/(2|p|)± eE · pˆ± τ−1δµ
−iω + ipˆ · k + τ−1 , (3.15)
where δµ, and hence h±, should be found by solving the consistency equation obtained by
inserting (3.15) into (3.12). Here we note that the condition k  p is implicitly imposed
so that the kinetic theory is valid, since the separation of the scale of the particle (p)
and the field (k) is necessary for the description of the kinetic theory. Since p ∼ T, µ,
which can be confirmed by looking at the |p| integrations in the derivation of Eq. (3.12),
the condition above is reduced to k  T, µ. Performing necessary radial and angular
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integrations of p, we arrive at a result
δµ =
e
1−G(ω, k)/(2ikτ)
∫
dΩpˆ
(4pi)
E · pˆ
−iω + ipˆ · k + τ−1 (3.16)
=
e
1−G(ω, k)/(2ikτ)
E · k
ik2
(
1 +
(ω + iτ−1)
2k
G(ω, k)
)
,
where k ≡ |k| and,
G(ω, k) = log
(
ω − k + iτ−1
ω + k + iτ−1
)
.
In deriving this, we used the fact∫
dΩpˆ
(4pi)
B · pˆ
−iω + ipˆ · k + τ−1 = 0 , (3.17)
which can be shown from B = ik×A in the frequency-momentum space. Equations (3.15)
and (3.16) constitute the solution for linearized response of the distribution functions to
the external gauge fields perturbations.
Having obtained the distribution functions, we need to do straightforward but tedious
computation to obtain the response current by inserting the distribution functions into
the current expression (3.7). The induced charge density in linear order in perturbation
is
δj0 = eχδµ , (3.18)
where we see that eχ is interpreted as the charge susceptibility. The current is obtained
from Eq. (3.7) after a sizable computation,
δj = e2
µ
4pi2
[
B +
∫
dΩpˆ
(4pi)
iω(B · pˆ)pˆ
−iω + ipˆ · k + τ−1 − i
∫
dΩpˆ
(4pi)
(pˆ× k)(E · pˆ)
−iω + ipˆ · k + τ−1
]
+ e2
∫
dΩpˆ
(4pi)
χ(E · pˆ)pˆ
−iω + ipˆ · k + τ−1 +
e
τ
χ
k
ik2
(
1 +
(ω + iτ−1)
2k
G(ω, k)
)
δµ ,
(3.19)
where the first line is P-odd response of the current responsible for CME. We dropped
the terms of higher order in derivatives due to k  T, µ which is beyond the subject of
this paper. We note that the dominant contribution to such higher order terms comes
from the soft region p ∼ eT where the screening effect is not negligible, so we would
need the Hard Thermal Loop resummation [49–52] if we would want to study it. The
conservation law −iωδj0+ ik ·δj = 0, which should hold in linear order in the gauge fields,
is indeed satisfied by the above results in somewhat nontrivial way, which would not be
true without the δµ term in the collision terms.
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From E = iωA + ikA0, B = ik×A and the above expressions of the current in terms
of E and B, we can easily read off the retarded current-current correlation functions from
kinetic theory. After performing necessary angular integrations, we have
G00R = −
e2χ
1−G(ω, k)/(2ikτ)
(
1 +
(ω + iτ−1)
2k
G(ω, k)
)
,
G0iR = G
i0
R = −
e2χ
1−G(ω, k)/(2ikτ)
ωki
k2
(
1 +
(ω + iτ−1)
2k
G(ω, k)
)
,
Gij,+R = e
2χ
∫
dΩpˆ
(4pi)
−iω pˆipˆj
−iω + ipˆ · k + τ−1
+
ie2ω
τ
χ
1
1−G(ω, k)/(2ikτ)
kikj
k4
(
1 +
(ω + iτ−1)
2k
G(ω, k)
)2
, (3.20)
which are the P-even parts of the correlation functions. Though they are not related
to the CME, which is the subject in this paper, we present the above expressions for
completeness and also to check whether the Einstein relation is satisfied. We see that
Eq. (3.20) reproduces the result of the hard thermal/dense loop approximation [53–57]
when we take 1/τ → 0. By taking small ω, k  1/τ limits of G00R ,
G00R ≈
−ie2χτk2/3
ω + iτk2/3
, (3.21)
and comparing with the hydrodynamics expression Eq. (2.6), we confirm the matching to
the hydrodynamic regime with
D =
τ
3
, σ = e2χ
τ
3
. (3.22)
We see that they satisfy the Einstein relation σ = e2χD.
The P-odd part of our interest is given by
Gij,−R = ie
2 µ
4pi2
ijkkk − e2 µω
4pi2
∫
dΩpˆ
(4pi)
ilkpˆj − jlkpˆi
−iω + ipˆ · k + τ−1 pˆ
lkk
= ie2
µ
4pi2
ijkkk (1− F (ω, k)) , (3.23)
where
F (ω, k) =
ω
k
(
(ω + iτ−1)
k
−
(
k2 − (ω + iτ−1)2
2k2
)
G(ω, k)
)
. (3.24)
Equation (3.23) reproduces the result in Ref. [36] in the collision-less limit 1/τ → 0,
and our result shows a small improvement from that, replacing the denominator in the
angular integration in Eq. (3.23) from −iω + ipˆ · k with −iω + ipˆ · k + 1/τ . It is this
11
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Figure 1: The plot of (1− F (ω, k = 0)) as a function of ω near ω = 0 for different values
of τ : τ−1 = 1 (dashed), τ−1 = 0.1 (dotted), and τ−1 = 0.01 (solid). The unit of τ−1 and
ω is arbitrary.
small modification by the relaxation time that changes the behavior of Gij,−R at small
ω, k completely, from the collision-less, IR-singular one to a smooth, hydrodynamic one
without any IR singularity, and the non-commutativity between the two limits, k → 0
and ω → 0, is absent for F (ω, k), and F (ω, k) → 0 without any ambiguity. This change
can be already seen in the integral expression in (3.23) : by having a relaxation time in
the denominator, the integrand does not have a pole near ω, k → 0 limits, and the result
becomes smooth around that point. This is an explicit demonstration that in a theory
with finite interactions, the Kubo formula for CME does not care the order of the limits
between ω → 0 and k → 0.
To visualize the effect of relaxation time in smoothing the infrared singularity, we plot
(1−F (ω, k = 0)) as a function of ω for different relaxation time τ in Figure 1. We see that
the function rises from the value 1/3 to 1 in an interval near ω = 0 whose width increases
as 1/τ increases. Therefore, the discontinuous jump at ω = 0 in the singular free theory
limit of 1/τ → 0 is smoothened by the relaxation dynamics, and the non-commutativity
between ω → 0 and k → 0 limits disappears.
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Figure 2: The Schwinger-Keldysh contour appropriate for computing real-time retarded
response functions at finite temperature.
4 Diagrammatic Computation
Since we need to compute the retarded correlation functions at finite temperature and
density diagrammatically, it is convenient to work in the Schwinger-Keldysh contour [58,
59] as shown in Figure 2. The free chiral (Weyl) fermion action is
L = iψ†σµ (∂µ − ieAµ)ψ , (4.1)
where σµ = (1,σ) and Aµ is the external gauge potential. The imaginary time contour
on the far left provides the thermal ensemble, and the total action on lines 1 and 2 is
LSK = L1 − L2 = iψ†1σµ (∂µ − ieAµ)ψ1 − iψ†2σµ (∂µ − ieAµ)ψ2
= i
(
ψ†aσ
µ∂µψr + ψ
†
rσ
µ∂µψa
)
+ e
(
ψ†aσ
µψr + ψ
†
rσ
µψa
)
Aµ , (4.2)
where ψ1,2 are the fields on the lines 1 and 2 respectively, and we have introduced “ra”-
basis,
ψr ≡ 1
2
(ψ1 + ψ2) , ψa ≡ ψ1 − ψ2 . (4.3)
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Figure 3: The diagrams responsible for the retarded response of the current Jµ to one
external gauge potential.
In terms of (1,2) or (r,a) fields, any type of real-time correlation functions can be expressed.
The fermion two-point functions (propagators) in the (r,a)-basis are defined by
Sra(x, y) = 〈Tcψr(x)ψ†a(y)〉SK = θ(x0 − y0)〈{ψ(x), ψ†(y)}〉 ,
Sar(x, y) = 〈Tcψa(x)ψ†r(y)〉SK = −θ(y0 − x0)〈{ψ(x), ψ†(y)}〉 ,
Srr(x, y) = 〈Tcψr(x)ψ†r(y)〉SK =
1
2
〈[ψ(x), ψ†(y)]〉 . (4.4)
Here Tc is a contour-ordering operator. Note that Saa vanishes identically, and Sra(Sar)
is i times of the usual retarded (advanced) correlator.
We are interested in computing the expectation value of current jµ = eψ†rσ
µψr in
linear response to the external gauge potential Aµ, and it is easy to do Feynman diagram
computation for it, based on our action (4.2). There are two terms depicted in Figure 3,
which read
jµ(k) = (−1)ie2Aν(k)
∫
d4p
(2pi)4
tr [σµSra(p+ k)σ
νSrr(p) + σ
µSrr(p)σ
νSar(p− k)] . (4.5)
What we would like to do is to include the damping rate in the propagators, which is
responsible for relaxation dynamics similar to the collision term in Boltzmann equation in
relaxation time approximation. One cautionary remark is that they don’t represent the
precisely same dynamics, and the order of the magnitude of the damping rate and that of
the inverse of the relaxation time are in fact different in gauge theory [60]: the former is of
order e2T ln(1/e) [61–65] while the latter is e4T ln(1/e). In Eq. (4.5), we use the following
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propagators, in which the damping rate of the fermion (ζ/2) is resummed [41,42]:
Sra(p) =
∑
s=±
i
p0 − s|p|+ iζ/2Ps(p) , (4.6)
Sar(p) =
∑
s=±
i
p0 − s|p| − iζ/2Ps(p) , (4.7)
Srr(p) =
(
1
2
− n+(p0)
)
ρ(p) , (4.8)
where the spectral density ρ is
ρ(p) =
∑
t=±
ζ
(p0 − t|p|)2 + (ζ/2)2Pt(p) . (4.9)
Here the projection operators P±(p) are defined as,
P±(p) ≡ 1
2
(
1± σ · p|p|
)
= ∓ σ¯ · p±
2|p| , (4.10)
where σ¯µ = (1,−σ) and p± ≡ (±|p|,p). The operators P±(p) project onto particle and
anti-particle states respectively with given momentum p. By using these expressions,
Eq. (4.5) becomes
jµ(k) = e2Aν(k)
∫
d4p
(2pi)4
∑
s,t=±
(
1
2
− n+(p0)
)
ζ
(p0 − t|p|)2 + (ζ/2)2
× tr
[
σµPs(p + k)σνPt(p)
p+ + ω − s|p + k| +
σµPt(p)σνPs(p− k)
p− − ω − s|p− k|
]
,
(4.11)
where we have introduced p± ≡ p0± iζ/2. We note that the dominant contribution comes
from the region |p| ∼ T, µ, so ζ  |p| is satisfied. To compute the spinor trace, we use
the following formula in the calculation,
tr
[
σµσ¯ασν σ¯β
]
= 2(gµαgνβ + gµβgνα − gµνgαβ) + 2iµανβ. (4.12)
The first term in the right-hand side gives the P-even contribution while the second term
gives the P-odd one. Though we are interested in the P-odd contribution, we will calculate
both of them, to get a clear contrast on the absence of the pinch singularity in the P-odd
one.
4.1 P-even part
First, let us obtain the P-even part. We focus on the longitudinal component, to obtain
the expression for σ. By assuming that k = kzˆ, the longitudinal component of the current
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(µ = ν = 3) reads
j3(k) = e2A3(k)
∫
d4p
(2pi)4
∑
s,t=±
st
2|p|2
(
1
2
− n+(p0)
)
ζ
(p0 − t|p|)2 + (ζ/2)2
×
[
1
p+ + ω − s|p| +
1
p− − ω − s|p|
]
(2(p3)
2 − p2 + st|p|2)
= −e
2A3(k)
pi2
∫ ∞
−∞
dp0
2pi
∫ ∞
0
d|p||p|2
(
1
2
− n+(p0)
)
× ζ
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
×
[
(p+ + ω)(|p|2 + p+p−)− 2|p|2p0/3
[|p|+ p+ + ω][|p| − (p+ + ω)] +
(p− − ω)(|p|2 + p+p−)− 2|p|2p0/3
[|p|+ p− − ω][|p| − (p− − ω)]
]
,
(4.13)
where we have taken k = 0 (see Eq. (2.7)).
Since we are interested in σ, we expand this expression in terms of ω. The zeroth
order terms are
j3(k) = −e
2A3(k)
pi2
∫ ∞
−∞
dp0
2pi
∫ ∞
0
d|p||p|2
(
1
2
− n+(p0)
)
× ζ
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
×
[
p+(|p|2 + p+p−)− 2|p|2p0/3
[|p|+ p+][|p| − p+] +
p−(|p|2 + p+p−)− 2|p|2p0/3
[|p|+ p−][|p| − p−]
]
.
(4.14)
This expression vanishes after we do the |p| integration. The first order terms,
j3(k) = −ωe
2A3(k)
pi2
∫ ∞
−∞
dp0
2pi
∫ ∞
0
d|p||p|2
(
1
2
− n+(p0)
)
× ζ
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
[
(p2+ − p2−)(|p|2 + p+p−)
(|p|2 − p2+)(|p|2 − p2−)
+ 2p+
p2+p− + |p|2(2p+ − p−)/3
(|p|2 − p2+)2
− 2p−p+p
2
− + |p|2(2p− − p+)/3
(|p|2 − p2−)2
]
,
(4.15)
can be calculated by using the residue theorem, which results in
j3(k) = ω
e2A3(k)
3iζpi2
∫ ∞
−∞
dp0p0
(
1
2
− n+(p0)
)
. (4.16)
By using
∫∞
−∞ dp
0p0 (1/2− n+(p0)) =
∫∞
0
dp0p0 (1− n+(p0)− n−(p0)), we get
j3(k) = iω
e2A3(k)
3ζ
χ , (4.17)
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where we have neglected the contribution from T = µ = 0 part, which corresponds to
subtracting the vacuum contribution. Comparing with Eq. (2.5) at k = 0, we have
σ =
e2χ
3ζ
. (4.18)
This result shows that we reproduce the expression of the conductivity obtained in the
kinetic equation with the relaxation time approximation Eq. (3.22), by identifying ζ =
τ−1. Note the 1/ζ behavior of σ, which indicates the typical pinch singularity of the
current-current correlation function at zero frequency-momentum limit. In a theory where
the chiral fermion interacts via gauge field with small coupling constant, the damping rate
ζ/2 is of order e2T log(1/e) [61–65] and the 1/ζ ∼ 1/(e2T log(1/e)) behavior in σ due to
the pinch singularity introduces non-analytic dependence of various transport coefficients
on the coupling constant e, and the modified power counting necessitates the resummation
of infinite ladder diagrams in the vertex function [40, 66]. However, we will see shortly
that for our P-odd part of the correlation function responsible for the CME, the story
will be different.
4.2 P-odd part
Next, we calculate the P-odd part. For this part, we need to consider the case of µ =
i, ν = j only in (4.11). By using the second term of Eq. (4.12), Eq. (4.11) becomes
ji(k) = iijle2Aj(k)
∫
d4p
(2pi)4
∑
s,t=±
st
2|p|
(
1
2
− n+(p0)
)
ζ
(p0 − t|p|)2 + (ζ/2)2
×
[
1
|p + k|
t|p|(p+ k)l − spl|p + k|
p+ + ω − s|p + k| +
1
|p− k|
s|p− k|pl − t|p|(p− k)l
p− − ω − s|p− k|
]
= iijle2Aj(k)
∫
d4p
(2pi)4
(
1
2
− n+(p0)
)
2ζ
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
×
[(|p|2 + p+p−)(p+ k)l − 2p0pl(p+ + ω)
(p+ + ω)2 − |p + k|2
+
2p0pl(p− − ω)− (|p|2 + p+p−)(p− k)l
(p− − ω)2 − |p− k|2
]
,
(4.19)
where l is different from i and j. From the above expression, it is clear that the small
ω, k → 0 limit is smooth due to the existence of the damping rate ζ: the denominators in
the integrand never vanish for real values of ω, k, p0 and p, so that the result can’t have
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any singularity around ω, k → 0. This demonstrates that there is no non-commutativity
issue between the two limits, ω → 0 and k → 0.
Since we are interested in the momentum region ω, k → 0, we expand the expression
in terms of k. The zeroth order term reads
ji(k) = iijle2Aj(k)
∫
d4p
(2pi)4
(
1
2
− n+(p0)
)
2ζpl
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
×
[ |p|2 + p+p− − 2p0p+
(p+)2 − |p|2 +
2p0p− − (|p|2 + p+p−)
(p−)2 − |p|2
]
.
(4.20)
By using ζ  p, this expression seems to be of order e2AµTζ. However, we see that it
vanishes after angular integration. The first order term is
ji(k) = iijle2Aj(k)kl
∫
d4p
(2pi)4
(
1
2
− n+(p0)
)
2ζ
[|p|+ p+][|p|+ p−][|p| − p−][|p| − p+]
×
[
|p|2 + p+p−
(p+)2 − |p|2 + 2|p|
2 cos2 θ
|p|2 + p+p− − 2p0p+
[(p+)2 − |p|2]2
+
|p|2 + p+p−
(p−)2 − |p|2 + 2|p|
2 cos2 θ
|p|2 + p+p− − 2p0p−
[(p−)2 − |p|2]2
]
= −i
ijle2
2pi2
Aj(k)kl2ζ
∫ ∞
−∞
dp0
2pi
(
1
2
− n+(p0)
)∫ ∞
0
d|p||p|2
[ |p|2
3
+ p+p−
]
×
[
1
[|p|+ p+]2[|p|+ p−][|p| − p−][|p| − p+]2
+
1
[|p|+ p+][|p|+ p−]2[|p| − p−]2[|p| − p+]
]
,
(4.21)
where θ is an angle between p and k. By using the residue theorem, the |p| integration
can be explicitly performed to give
ji(k) = −i
ijle2
4pi2
Aj(k)kl
∫ ∞
−∞
dp0
(
1
2
− n+(p0)
)
=
iijle2µ
4pi2
Aj(k)kl .
(4.22)
In going from the first line to the second, we used∫ ∞
−∞
dp0
(
1
2
− n+(p0)
)
= −
∫ ∞
0
dp0
(
n+(p
0)− n−(p0)
)
= −µ , (4.23)
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independent of temperature, which shows the contributions from particles (n+(p
0)) and
anti-particles (n−(p0)) in a democratic way.
This expression is the one predicted from the anomaly relation, and agrees with the
result obtained by the kinetic equation in ω, k → 0 limit. We note that we can safely
take both ω → 0 and k → 0 limits, and both results agree. We also emphasize that,
this expression does not depend on ζ. This property reflects that the CME current is not
renormalized by interaction. It also implies that, we can take ζ → 0 limit, which means
that there is no pinch singularity in the P-odd part, in contrast to the P-even part. This
indicates that the power counting for P-odd part of the correlation functions may be very
different from (much simpler than) that of the P-even part, and one may not need to
include infinite ladder summation.
5 Summary and Concluding Remarks
In this work, we argue that the non-commutativity between the two limits, ω → 0 and
k → 0, disappears in any interacting theory whose low-energy behavior is described by
hydrodynamics. We confirm our argument at weak coupling regime in the frameworks
of the Boltzmann equation in the relaxation time approximation and the diagrammatic
method with the resummation of the damping rate. We reproduce the correct magnitude
of the CME current in both formalisms.
We comment that the situation may be different for chiral vortical effect whose Kubo
formula involves both the current and energy-momentum, due to a possible coupling to
the diffusive pole of the energy-momentum sector, as recently observed in Ref. [67] ‡.
A related subtlety in our discussion is a possible appearance of new diffusive pole in
our P-odd current-current response function if we included the coupling to the energy-
momentum sector. Independently to this, however, it is our robust conclusion that the
non-commutativity of the two limits observed in previous literature is an artifact of the
free theory limit, which disappears with finite interactions.
We observe the absence of pinch singularity in the P-odd part of correlation function
at zero frequency-momentum limit, which is in sharp contrast to the P-even part. Recall-
ing that the pinch singularity is a signal for the need of resummation of infinite ladder
diagrams to get the leading order result in weak coupling, this may indicate a different
‡We thank Yi Yin for pointing this out to us.
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power counting scheme for the P-odd part. We hope to address this issue in detail in the
near future.
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